We apply the methods recently developed for computation of type IIA disk instantons using mirror symmetry to a large class of D-branes wrapped over Lagrangian cycles of non-compact Calabi-Yau 3-folds. Along the way we clarify the notion of "flat coordinates" for the boundary theory. We also discover an integer IR ambiguity needed to define the quantum theory of D-branes wrapped over non-compact Lagrangian submanifolds. In the large N dual Chern-Simons theory, this ambiguity is mapped to the UV choice of the framing of the knot. In a type IIB dual description involving (p q) 5-branes, disk instantons of type IIA get mapped to (p q) string instantons. The M-theory lift of these results lead to computation of superpotential terms generated by M2 brane instantons wrapped over 3-cycles of certain manifolds of G 2 holonomy.
Introduction
D-branes wrapped over non-trivial cycles of a Calabi-Yau threefold provide an interesting class of theories with 4 supercharges (such as N = 1 supersymmetric theories in d = 4). As such, they do allow the generation of a superpotential on their worldvolume. This superpotential depends holomorphically on the chiral fields which parameterize normal deformations of the wrapped D-brane.
On the other hand, F-terms are captured by topological string amplitudes [1] , and in particular the superpotential is computed by topological strings at the level of the disk amplitude [1 -4] . More generally the topological string amplitude at genus g with h holes computes superpotential corrections involving the gaugino superfield W and the N = 2 graviphoton multiplet W given by h R d 2 (Tr W 2 ) h;1 (W 2 ) g [5] .
So the issue of computation of topological string amplitudes becomes very relevant for this class of supersymmetric theories.
In the context of type IIA superstrings such disk amplitudes are given by non-trivial worldsheet instantons, which are holomorphic maps from the disk to the CY with the boundary ending on the D-brane. Such computations are in general rather difficult. The same questions in the context of type IIB strings involve 0932-0784 / 02 / 0100-0001 $ 06.00 c Verlag der Zeitschrift für Naturforschung, Tübingen www.znaturforsch.com classical considerations of the worldsheet theory. In a recent paper [6] it was shown how one can use mirror symmetry in an effective way to transform the type IIA computation of disk instantons to classical computations in the context of a mirror brane on a mirror CY for type IIB strings. The main goal of this paper is to extend this method to more non-trivial Calabi-Yau geometries.
One important obstacle to overcome in generalizing [6] is a better understanding of "flat coordinates" associated with the boundary theory, which we resolve by identifying it with BPS tension of associated domain walls. We also uncover a generic IR ambiguity given by an integer in defining a quantum Lagrangian D-brane. We relate this ambiguity to the choice of the regularizations of the worldsheet theory associated to the boundaries of moduli space of Riemann surfaces with holes (the simplest one being two disks connected by an infinite strip). In the context of the Large N Chern-Simons dual [7] applied to Wilson Loop observables [4] this ambiguity turns out to be related to the UV choice of the framing of the knot, which is needed for defining the Wilson loop observable by point splitting [8] .
Along the way, for gaining further insight, we consider other equivalent dual theories, including the lift to M-theory, involving M-theory in a G 2 holonomy background. In this context we are able to transform the generation of superpotential by Euclidean M2 branes (with the topology of S 3 ) to disk instantons of type IIA 1 for M-theory on G 2 holonomy manifolds and use mirror symmetry to compute them! We also relate this theory to another dual type IIB theory in a web of (p q) 5-branes in the presence of ALF-like geometries.
The organization of this paper is as follows: In Sect. 2 we review the basic setup of [6] . In Sect. 3 we consider the lift of these theories to M-theory in the context of G 2 holonomy manifolds, as well as to type IIB theory with a web of (p q) 5-branes in an ALF-like background. In Sect. 4 we identify the flat coordinates for boundary fields by computing the BPS tension of D4 brane domain walls ending on D6 branes wrapping Lagrangian submanifolds. In Sect. 5 we discuss the integral ambiguity in the computation of topological string amplitudes and its physical meaning. This is discussed both in the context of Large N ChernSimons / topological string duality, as well as in the context of the type IIB theory with a web of (p q) 5 -branes. In Sect. 6 we present a large class of examples, involving non-compact CY 3-folds where the D6 brane wraps a non-compact Lagrangian submanifold. In appendix A we perform some of the computations relevant for the framing dependence for the unknot and verify that in the large N dual description this UV choice maps to the integral IR ambiguity we have discovered for the quantum Lagrangian D-brane.
Review of Mirror Symmetry for D-branes
In this section we briefly recall the mirror symmetry construction for non-compact toric Calabi-Yau manifolds (specializing to the case of threefolds), including the mirror of some particular class of (special) Lagrangian D-branes on them.
Toric Calabi-Yau threefolds arise as symplectic quotient spaces X = C where a = 1 : : : k , and dividing by G X i ! e iQ a i a X i : (2. 2)
The c 1 (X) = 0 condition is equivalent to P i Q a i = 0. The Kähler structure is encoded in terms of the r a , and varying them changes the sizes of various 2 and 4 cycles. In the linear sigma model realization [9] this is realized as a (2,2) supersymmetric U(1) k gauge theory with 3 + k matter fields X i with charges given by Q a i , and with k FI terms for the U(1) k gauge group given by r a .
The mirror theory is given in terms of n + k dual C fields Y i [10] where t a = r a + i a and a denotes the -angles of the U (1) Note that the holomorphic 3-form for CY is given by = dx du dv x and is invariant under the SL(2 Z Z) action.
Special Lagrangian Submanifolds and Mirror Branes
In [6] a family of special Lagrangian submanifolds of the A-model geometry was studied, characterized by two charges q i with i = 1 ::: k + 3 and = 1 2, subject to and the third is P i = 0, where i denotes the phase of X i . The worldsheet boundary theory for this class of theories has been further studied in [11] .
The submanifolds in question project to the one dimensional subspaces of the toric base (taking into account the constrains (2.1), (2.7)), jX i j 2 = r + b i (2.8) for some fixed b i (depending on c r a ) and r 2 R + . In order to get a smooth Lagrangian submanifold one has to double this space (by including P i = ). The topology of the Lagrangian submanifold is R S 1 S 1 . There is, however, a special choice of c which makes the Lagrangian submanifold pass through the intersection line of two faces of the toric base. The topology of the Lagrangian submanifold will be different in this limit. It corresponds to having one of the S 1 cycles pinched at a point of R in the Lagrangian submanifold. This is topologically the same as two copies of C S 1 touching at the origin of C. In this limit we view the Lagrangian submanifold as being made of two distinct ones intersecting over an S 1 . We can now have a deformation, which moves the two Lagrangian submanifolds independently, where the end point of each one should be a point (not necessarily the same) on the base of the toric geometry (see the example below).
Under mirror symmetry, the A-brane maps to a holomorphic submanifold of the Y given by x = 0 = P(u v) = e Y 1 (u v) +: : : +e Y 3+k (u v) : (2.9) The mirror brane is one-complex dimensional, and is parameterized by z. Its moduli space is one complex dimensional parameterized by a point on a Riemann surface P(u v) = 0. The choice of the point depends on c and the Wilson line around S 1 and it is possible to read it off in the weak coupling limit of large volume of Calabi-Yau and large parameters c , as discussed in [6] . X is fibered over this base with a fiber which is torus of phases of X i 's modulo U(1), T degenerate (case b) and split (case c) into two Lagrangian submanifolds, when it approaches a one-dimensional edge of the toric base. The two resulting components have the topology C S 1 , and can move independently, but only along one-dimensional edges. topology C S 1 are further constrained to live on the one dimensional faces of the base. For this we need for example c 2 = 0, and c 1 arbitrary but in the (0 r ) interval. As discussed above, this can be viewed as coming from the deformation of a Lagrangian submanifold which splits to two when it intersects the edges of the toric geometry and move them independently on the edge. See Figure 2 . Typically we would be interested in varying the position of one brane, keeping the other brane fixed (or taken to infinity along an edge). The mirror B-brane propagates on the Riemann surface 0 = P(u v) = e u + e v + e ;t;u+v + 1 shown in Figure 3 . Note that mirror map (2.3) gives the B-brane at Re(u) = ;c 1 and Re(v) = 0 which is on the Riemann surface in the large radius limit, r 0 and r=2 > c 1 0. In other words, in the large radius limit, classical geometry of the D-brane moduli space is a good approximation to the quantum geometry given by . We can also construct, as a limit, Lagrangian submanifolds of C 3 by considering the limit r + i = t ! 1 holding c 1 fixed, as shown in Figure 4 . In this limit the mirror geometry becomes xz = e u + e v + 1. This case was studied in detail in [12] .
Example

Disk Amplitude
The disk amplitudes of the topological A-model give rise to an N = 1 superpotential in the corre-sponding type IIA superstring theory [1 -4] where we view the D6 brane as wrapping the Lagrangian submanifold and filling the spacetime. The corresponding superpotential for the mirror of the Lagrangian submanifolds we have discussed above was computed in [6] , and is given in terms of the Abel-Jacobi map
where u is some fixed point on the Riemann surface P(u v) = 0 and the line integral is done on this surface. This defines the superpotential up to an addition of a constant. More physically, if we construct the 'splitting' of the Lagrangian brane over the toric edges, we can view u as the location of one of the Lagrangian halves, which we consider fixed.
Note that, if we move the point u on the Riemann surface over a closed cycle and come back to the same point, the superpotential (2.10) may change by an overall shift which depends on the choice of the cycle as well as the moduli of the Riemann surface (given by t's). It is natural to ask what is the interpretation of this shift. This shift in superpotential can be explained both from the viewpoint of type IIA and type IIB. In the context of type IIA this corresponds to taking the Lagrangian D6 brane over a path whose internal volume traces a 4-dimensional cycle C 4 of CY (fixing the boundary conditions at infinity).
By doing so we have come back to the same Brane configuration, but in the process we have shifted the RR 2-form flux. The 4-cycle C 4 is dual to a 2-form which we identify with the shift in the RR 2-form flux. In the type IIA setup this process changes the superpotential by (the quantum corrected) R C 4 k^k, as discussed in [13 -15] . The Type IIB version of this involves varying the D5 brane wrapped over a 2-cycle over a path and bringing it back to the original place. During this process the brane traces a 3-cycle in the internal Calabi-Yau which contributes the integral of the holomorphic 3-form over the 3-cycle to the superpotential. This is interpreted as shifting the RR flux of H along the dual 3-cycle. Note that we can use this idea to generate fluxes by bringing in branes not intersecting the toric edge, to the edges, splitting them on the edge and bringing it back together and then moving it off the toric edge. The process leads to the same CY but with some RR flux shifted.
The superpotential (2.10) is not invariant under different choices of parameterization of the fundamental domain for u v given by an SL(2 Z Z) transformation, but transforms as
where v is defined implicitly in terms of u by P(u v) = 0. Note that if we added a boundary term it could have canceled this change in superpotential, which can be viewed as a choice of boundary condition at infinity on the non-compact brane [6] . Thus this IR choice is needed for the definition of the brane, and as we see it affects the physics by modifying the superpotential. As discussed in [6] the choice of the splitting to u v depends on the boundary conditions at infinity on the fields normal to the brane. Each SL(2 Z Z) action picks a particular choice of boundary conditions on the D-brane. Using the mirror symmetry and what A-model is computing, below we will be able to fix a canonical choice, up to an integer, which we will interpret physically.
As noted above, in terms of the topological Amodel, superpotential W is generated by the disk amplitudes. The general structure of these amplitudes has been determined in [4] , where it was found that
Here u parameterizes the size of a non-trivial holomorphic disk, and where N k m are integers capturing the number of domain wall D4 branes ending on the D6 brane, which wrap the CY geometry in the 2-cycle class captured by m, and k denotes the wrapping number around the boundary.
In the large volume limit (where the area of 2-cycles ending or not ending on the D-brane are large) the A-model picture is accurate enough. In this case we do not expect a classical superpotential as there is a family of special Lagrangian submanifolds. Since dW=du = v and W should be zero for any moduli of the brane, we learn that v = 0 on the brane. This in particular chooses a natural choice of parameterization of the curve adapted to where the brane is. In particular the D-brane is attached to the line which is classically specified by v = 0 (which can always be done). u should be chosen to correspond to the area of a basic disk instanton. However this can be done in many ways. In particular, suppose we have one choice of such u. Then u ! u + nv is an equally good choice, because v vanishes on the Lagrangian submanifold in the classical limit. So even though this ambiguity by an integer is irrelevant in the classical limit, in the quantum theory, since v is non-vanishing due to worldsheet instanton corrections, this dramatically changes the quantum answer.
Thus we have been able to fix the u v coordinates up to an integer choice n for each particular geometry of brane. We will discuss further the meaning of the choice of n in Sect. 3 and 4.
Later we will see that there is a further correction to what u v are quantum mechanically. In particular, as we will discuss in Sect. 3, this arises because the quantum area of the disk differs from the classical computation which gives u. This is similar to what happens for the closed string theory where the parameter t which measures the area of the basic sphere is replaced by the quantum corrected area T. This is usually referred to as the choice of the "flat coordinates" for the Calabi-Yau moduli.
G 2 Holonomy and Type IIB 5-brane Duals
Consider type IIA superstrings on a non-compact Calabi-Yau threefold X with a special Lagrangian submanifold L X. Consider wrapping a D6 brane around L and filling R 4 . This theory has N = 1 supersymmetry on R 4 and we have discussed the superpotential generated for this theory. In this section we would like to relate this to other dual geometries.
M-theory Perspective
D6 branes are interpreted as KK monopoles of Mtheory. This means that in the context of M-theory the theories under consideration should become purely geometric. This in fact was studied in [16 -20] , where it was seen that the M-theory geometry corresponds to a 7 dimensional manifold with G 2 holonomy. In other words we consider a 7-fold which is roughly 
Dual Type IIB Perspective
We have already given one dual type IIB theory related to our type IIA geometry, and that is given by the mirror symmetry we have been considering. However there is another type IIB dual description which is also rather useful.
Consider M-theory on a non-compact Calabi-Yau X compactified to 5 dimensions, which admits a T 2 action, possibly with fixed points. We can use the duality of M-theory on T 2 with type IIB on S 1 [23] to give a dual type IIB description for this class of Calabi-Yau manifolds. Note that the complex structure of the T 2 gets mapped to the coupling constant of type IIB. The non-compact Calabi-Yau manifolds we have been considering do admit T 2 actions and in this way they can be mapped to an equivalent type IIB theory. This in fact has been done in [24] where it was shown that this class of CY gets mapped to type IIB propagating on the web of (p q) 5-branes considered in [25] . In this picture the 5-branes fill the 5 dimensional space time and extend along one direction in the internal space, identified with various edges of the toric diagram. The choice of (p q) 5-branes encodes the (p q) cycle of T 2 shrinking over the corresponding edge. The 5-branes are stretched along straight lines ending on one another and making very specific angles dictated by the supersym- metry requirement (balancing of the tensions) depending on the value of the type IIB coupling constant . In particular each (p q) fivebrane is stretched along one dimensional line segments on a 2-plane which is parallel to the complex vector given by p + q . An example of a configuration involving a D5
brane, NS 5 brane and a (1,1) 5-brane is depicted in Figure 6 . Now we recall from the previous discussion that to get the G 2 holonomy manifold we need to consider an extra S 1 which is fibered over the corresponding CY. In other words we are now exchanging the '5-th' circle with the '11-th' circle. So we consider going down to 4 dimensions on a circle which is varying in size depending on the point in Calabi-Yau. In particular the circle (i. e. the one corresponding to the 5-th dimension) vanishes over a 2-dimensional subspace of 5-dimensional geometry of type IIB (it vanishes along the radial direction of the Lagrangian submanifold on the base of the toric geometry as well as on the S 1 which is dual to the T 2 of M-theory). Indeed it corresponds to putting the IIB 5-brane web in to a background of ALF geometry dictated by the location of the Lagrangian submanifold in the base times S 1 , and varying the geometry and splitting the ALF geometry into two halves, as shown in Figure 2 . In this picture the worldsheet disk instantons of type IIA get mapped to (p q) Euclidean worldsheet instantons, wrapping the 5-th circle and ending on the 5-branes. In particular, if we follow the map of the Euclidean instanton to this geometry, it is the other disk realization of S IIA Instanton IIB Instanton Fig. 7 . The M2 brane instanton with a topology of S 3 wrapping over a 3-cycle of a local G 2 manifold gets mapped to two alternative disk projections of S 3 , depending on which duality we use. In one case we get the description involving a type IIA string theory on a CY with the D-brane wrapped over a Lagrangian submanifold and in the other we get a web of IIB 5-branes in the presence of ALF like geometries.
Choice of Flat Coordinates
In this section we consider the map between the moduli of the brane between the A-and B-model.
As discussed in Sect. which we choose to be our 'u' variable. However it could be that the 'size' of the disk instanton receives quantum corrections, and this, as we will now discuss, is relevant for finding the natural ("flat") coordinates parameterizing the moduli space of Lagrangian Dbranes.
First we have to discuss what we mean by the "natural" choice of coordinate for the A-model. This is motivated by the integrality structure of the A-model expansion parameter. There is a special choice of coordinates [4] on the moduli space of D-branes in terms of which the A-model disk partition function has integer expansion (2.11), and this is the coordinate which measures the tension of the D4 brane domain walls.
There is no reason to expect this to agree with the classical size of the disk that the B-model coordinate measures, and in general the two are not the same, as we will discuss below. This is what we take as the natural coordinates on the A-model side.
The B-model and the A-model are equivalent theories, and this dictates the corresponding flat coordinate on the B model moduli space. This is the tension of the domain-wall D-brane which is mirror brane to the D4 brane of the A-model. 
The case of n = 1 is depicted in Figure 8 .
This allows us to find the tension of the mirror domain wall as discussed in [6] . The BPS tension of the domain wall is given by ∆W , the difference of the superpotentials on the two sides of the domain wall. Since W = To summarize, we predict that the disk partition function (2.10), expanded in terms ofû =û(u t), and the corresponding closed string counterpartt(t)-has the integral expansion (2.11), the coefficients of which count the "net number" of D4 brane domain walls ending on the Lagrangian submanifold L (for a more precise definition see [4, 26] ).
It is not hard to see that u andû as defined above agree at the classical level and differ by instanton 
This has a branch point in the u;plane around which v has the monodromy v ! v + 2 i. The contour C u receives a contribution only from the difference of values of v on the two sides of the cut, and thus for a single domain-wallû = u + i .
Away from the classical limit we can have subleading corrections to the above relation that can in principle be subleading in e ;t and in e ;u . But we will now argue that it is of the form
In other words, we show that û= u = 1 is exact even away from the classical limit. This in fact is obvious from the definition of (4.1) because as we change u, the change in (4.1) can be computed from the beginning and the end of the path. But the integrands are the same except for the shift of v by 2 i, and therefore the difference is given by û = R du = u. We have thus shown thatû differs from u by closed string instanton corrections only. Another way to see this is to note that
Noting that (uv) = 2 iudue to the shift in v, and using the fact that u is not shifting and that dv is well defined, we deduce that the ; 
Quantum Ambiguity for Lagrangian Submanifold
We have seen that the choice of flat coordinates naturally adapted to the A-model Lagrangian D-branes are fixed up to an integer choice. In particular we found that if u v are complex coordinates satisfying P(u v) = 0, and if the brane is denoted in the classical limit by v = 0 and u classically measures the size of the disk instanton, then we can consider a new u given by u ! u + nv for any n, which classically still corresponds to the disk instanton action. In this section we explain why fixing the arbitrary choice is indeed needed for a quantum definition of the A-model Lagrangian D-brane. In particular specifying the A-model Lagrangian Dbrane just by specifying it as a classical subspace of the CY does not uniquely fix the quantum theory, given by string perturbation theory. The choice of n reflects choices to be made in the quantum theory, which has no classical counterpart. In this section we show how this works in two different ways: First we map this ambiguity to an UV Chern-Simons ambiguity related to framing of the Wilson Loop observables. Secondly we relate it to the choice of the Calabi-Yau geometry at infinity, and for this we use the type IIB 5-brane web dual, discussed in Section 3.
Framing Choices for the Knot
To see how this works it is simplest to consider the case where the D-brane topological amplitudes were over the Lagrangian submanifold. Then, as discussed in [4] the disk amplitude computes S = R d 2 xd 2 (dW=d ) for the U (1) gauge theory in 1 + 1 dimension, where is the twisted chiral gauge field strength multiplet whose bottom component isû. In this formulation the domain wall associated with shifting of to + 2 iis realized by u ! u + 2 i, whose BPS mass we have denoted byv. From S, the change in the value of the superpotential under shifting is given by dW=dû which leads to the statement that dW=dû =v. This provides an alternative, and more physical derivation of the main formula we use for the computation of W.
computed using the observables of the Chern-Simons theory [4, 26, 27] These were obtained by considering expectation values for Wilson loop observables in the large N Chern-Simons theory, in the context of the large N duality of Chern-Simons / closed topological strings proposed in [28] . Let us briefly recall this setup.
Consider the SU(N) Chern-Simons theory on S
.
As was shown in [29] , if we consider the topological A-model on the conifold, which has the same symplectic structure as T S The large N duality proposed in [28] states that this topological string theory is equivalent to topological strings propagating on the non-compact CY 3-fold O(;1) O(;1) ! P 1 , which is the resolution of the conifold, where the complexified Kähler class on P 1 has the size t = N g s . In [4] it was shown how to use this duality to compute Wilson loop observables. The idea is that for every knot The left-hand side of (5.1) is computable by the methods initiated in [8] , and in this way gives us a way to compute the open string topological amplitudes for this class of D-branes. Note in particular that the disk amplitude corresponds to the 1=g s term in F(V t g s ).
A particular case of the brane we have considered in O(;1) O(;1) ! P 1 corresponds to the unknot. This is depicted in the toric Figure 2 .
The match between the computation in this case using mirror symmetry, and the result expected from the Chern-Simons theory was demonstrated in [6] . However as we have discussed here the disk amplitudes have an integer ambiguity when we use mirror symmetry for their computation. Thus apparently the right hand side of (5.1) is defined once we pick an integer related to the boundary conditions at infinity on the B-brane in the type IIB mirror. If the right hand side of (5.1) is ambiguous, then so should the left hand side. In fact the computation of Wilson loop observables also has an ambiguity given by an integer! In particular we have to choose a framing on the knot to make the computation well defined in the quantum theory [8] . A framing is the choice of a normal vector field on the knot , which is non-vanishing everywhere on the knot. Note that if we are given a framing of the knot, any other topologically distinct framing is parameterized by an integer, given by the class of the map S 1 ! S 1 , where the domain S 1 parameterizes and the range denotes the relative choice of the framing which is classified by the direction of the vector field on the normal plane to the direction along the knot. The framing of the knot enters the gauge theory computation by resolving UV divergencies of the Chern-Simons theory in the presence of Wilson loops. It arises when we take the Greens function for the gauge field coming from the same point on the knot. The framing of the knot allows a point splitting definition of the Greens function.
We have thus seen that both sides of (5.1) have a quantum ambiguity that can be resolved by a choice of an integer. On the left hand side the ambiguity arises from the UV. On the right hand side the ambiguity arises from the IR (i.e. boundary conditions on the brane at infinity). We have checked that the two ambiguities match for the case of the unknot, by comparing the disk amplitudes on both sides (using CS computation of the framing dependence of the knot on the left and comparing it with the mirror symmetry computation of the knot on the right). Some aspects of this computation are presented in the Appendix A. The computation of the disk amplitude for this case, using mirror symmetry, is presented in Section 6.
Here let us discuss further how this match arises.
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In the large N limit, where the disk gets filled, these get mapped to configurations such as that shown in Figure 10b . In this dual description by a conformal transformation the worldsheet can be viewed as that depicted in Figure 10c . In other words, we have in the dual channel a long Schwinger time of an open string ending on L . This means that the issue of ambiguity is mapped to an IR behaviour of fields living on L , and that is exactly where we found the ambiguity in the computation of the superpotential in the context of mirror symmetry.
Other examples of the large N limit of UV regions for the computation of the Wilson loop observable along the knot get mapped to disks shown in Fig. 11 , and look like branched trees of disks.
Calabi-Yau Geometry, 5-brane Perspective and the Integral Ambiguity
As discussed in Sect. 3, we have dual descriptions of type IIA geometry with D6 branes wrapped over Lagrangian submanifolds in terms of M-theory on G 2 holonomy manifolds (viewed as circle fibration over CY manifolds) or in terms of type IIB web of 5 branes in an ALF-like background in R 6 . To be precise, the M-theory on T 2 /type IIB on S 1 duality relates the coupling constant of type IIB to the complex structure of the T 2 . Fibering this duality gives rise to the duality just mentioned. However, in the type IIB picture we typically fix the type IIB coupling at infinity. This means that, by this chain of duality, the G 2 holonomy manifold is a circle fibration over the CY where the complex structure of the T 2 fibration of CY is fixed at infinity. Turning this around, this duality predicts the existence of a particular class of CY and G 2 holonomy metrics with a particular behaviour of the metric (1 1) 5-branes in a junction, the only instantons allowed involve the worldsheet instanton stretched along the interval shown on the left-hand side of the figure above, times the 5-th circle which shrinks at the attachment point of the ALF space. There is no other instanton allowed in this geometry. However if an NS (0 1) 5-brane is attached to (1 n ) and (1 n + 1) 5-branes, the geometry of the intersection dramatically changes (as long as n 6 = 0 ;1) and now we can have many more allowed configurations for the worldsheet (p q) instantons. This is depicted on the right hand side of the above figure. at infinity (we can also fix the area of T 2 at infinity as that gets mapped to the inverse of the radius of type IIB S 1 ). We now argue that the choice of the complex structure of T 2 , or equivalently the type IIB coupling constant at infinity, changes the number of Euclidean M2 branes, exactly as is expected by the ambiguity. Instead of being general we simply illustrate this idea in the context of a simple example, namely the C 3 geometry discussed before and represented by Fig.6 , consisting of NS 5-brane (0 1) and D5-brane (1 0) and the (1 1) 5-brane. We already did show that M2 brane instantons get mapped to worldsheet disk instantons consisting of the (p q) string shown in Fig. 7 times an extra circle (the '5-th' circle) which vanishes at the position of the ALF space. However now we consider changing the coupling constant. Then the angles between the 5-branes will be changed. Beyond some critical angles we can get new worldsheet instantons. Basically we can consider the web of strings, and the only data that we need to take into account is that a BPS (p q) string can end only on a (p q) 5-brane (and perpendicularly). This web of strings, however, can end on the projection of the ALF space on the web at any angle, since at that point now the '5-th' circle is shrinking (again in a perpendicular fashion). To be concrete, let us consider the limiting choices of the type IIB coupling constant given by ! ; 1=n. This can be obtained from ! i1 by the modular transformation ;1 ! ;1 + n. Said differently, we can take the weak coupling limit ! i1 by considering the inverse modular transformation where we consider the 5-brane web given by the NS fivebrane (0 1) and the fivebranes (1 n ) and (1 n +1). It is easy to see that this geometry of webs has an n ! ; (n + 1) symmetry, when we reverse the direction of the handedness on the D5 brane. Thus, the counting of the worldsheet instantons here will exhibit this symmetry. This is exactly the symmetry we will find for the ambiguity of the mirror to C 3 , as discussed in Section 6. Moreover it is easy to see that except for n = 0 ;1, where there is exactly one choice of disk instanton, for all other n's we get a large number of disk instantons, allowed by the geometry of the 5-branes, as shown in Figure 12 . This is also in line with the result we find from mirror symmetry in Section 6. Thus as the geometry of Calabi-Yau changes, we get jumps in the number of instantons as predicted by this picture. It is natural to ask what IR aspect of the type IIA CY geometry with the brane, this choice of is reflected in. One's natural guess is that the normalizability of the 1-form on the brane represented by the Wilson line vev, which represents the mode corresponding to moving the brane, is the relevant issue. If this is the case the possible choices of metrics for which a particular 1-form is normalizable will have to be classified by the integer ambiguity n, which in turn is related to the choice of the CY metric with fixed at infinity, labeled by n. Similarly, in the M-theory lift this would be related to the possible choices of normalizable deformations of the G 2 holonomy metric.
It would be interesting to study these issues further.
Examples
In this section we will consider a number of examples which illustrate the general discussion we have presented for the computation of disk amplitudes for D-branes wrapping a Lagrangian submanifold of noncompact CY 3-folds. The examples include considerations of Lagrangian branes in C 3 , P 1 P 1 , P 2 and its blow up at a point F 1 . In these examples we consider inequivalent configurations of Lagrangian branes. For the case of C 3 we exhibit the dependence of the topological string computations on the integer ambiguity we discussed earlier. For all of these cases we find the predicted integrality properties of the disk amplitudes 4 . We also consider different Lagrangian branes (for example ending on the "internal" or "external" edges of the toric diagrams).
As discussed in Sect. 4, a non-trivial part of the story involves finding the flat coordinates for the open string variables. As discussed there, we find the flat coordinates to be given bŷ So by solving forv in terms ofû (from P(u v) = 0 and the correction to u v !û v due to the mirror map) we find a prediction of an expansion in terms of integers N k m . We verify these highly non-trivial integrality predictions in the examples below which we now turn to.
Almost C
3
We consider the simplest Calabi-Yau X = C 3 .
It is described by just three chiral fields X i and no gauge group. The special Lagrangian D-brane L we are interested in is given by q 1 = (1 0 ;1) and q 2 = (0 1 ;1): jX
This geometry can be regarded as a local approximation, in the limit that all radii are large, to a more involved geometry it is embedded in, for example the one discussed in Section 2. . These transformations result in a family of parameterizations of the mirror geometry
and a family of superpotentials obtained by solving
To compute the numbers of disk domain walls we need to know the flat coordinates. Thus, we find that dependence of the CS theory that for all m the coefficient of the leading term p m;1 is given by m m;2 =m! in agreement with the above result.
Results of the prediction of [4] for the topological string amplitudes for the case of the unknot have recently been verified mathematically using localization methods in [32, 33] . In verifying the predictions of [4] , there were some choices made for the toric action in these works. The authors of [32] have recently checked and verified that the integer choice of ambiguity changes the topological string amplitudes exactly as predicted by the above results 5 . Moreover this ambiguity arises from the boundary of moduli space of Riemann surfaces with holes, as we already discussed. The solutions to the D-term equation, projected to the toric base are given in Figure 13 . The F 0 = P 1 P 1 corresponds to the divisor class represented by X 0 = 0 and is visible in Fig. 13 For example, the A-brane on Fig. 13 is on the internal leg which is given by c 2 = 0, and c 1 in the [0 r t ] interval. The large radius limit is, in addition to r t and r s being large, the limit of large disk size. For example in the regime c 1 < r t =2 the basic disk is the one on Fig.13a , and the classical limit corresponds to c 1 being of order of r t =2. The size parameter c 1 , together with the Wilson line u = c 1 + i R A, is the classical tension of the D4 brane domain wall wrapping this disk and ending on the D6 brane.
O(K)
In the limit the A-model geometry is classical, it follows from the mirror map (2.3) that the mirror B-brane is located in the region on , where v is constant, v 0, and u is a parameter which is large, u t=2. Away from the large radius limit, this deforms to a root of the equation P(u v) = 0. This has two solutions for v at every value of u, v = v 1 2 (u) = log 1 + e u + e ;t;u 2 p (1 + e u + e ;t;u ) 2 ; 4e ;s
and the mirror B-brane propagates along a region of the root v = v 1 (u). As we discussed above, the superpotential on this leg is given by
This vanishes in the classical limit, since
The flat coordinate computes the tensionû of the D4 brane domain wall wrapped on the basic disk as in Fig. 13a , and we will compute this by computing the tension of the mirror B-brane domain wall. As explained in Sect. 4. the mirror domain wall projects to the loop C on the Riemann surface which starts at the location of the B-brane at a fixed u, winds around v ! v+2 ibefore "attaching" again (see Fig.13b ). In this configuration, the tension is given by a classical integral on the Riemann surfacê
The period integral The small periods can be found as follows. Notice that, since v 1 + v 2 = ;s + 2 i, the sum of two periods around u ! u + 2 iis
On the other hand, the closed string periodŝ, that measures the mass of the D4 brane wrapping a P 1 of size r s can also be expressed in terms of small periods as it is computed along the contour s = 1 ; 2 , (orientations are fixed up to an over-all sign by the requiring that both u and v have trivial monodromy around s ),
From this we can find for example the small period along 1 as 6 s;ŝ 6 This method of calculating the domain-wall tension gives the result up to factors of i . The direct evaluation of the period around C can be done, and it determines the answer to be the one we presented above. For the B-brane at hand we need the small period around the 1 cycle on the v-leg (Fig. 15) , and by a computation analogous to the one we just did,
In fact the small period of 1 is the correction for the B-brane on the other leg of the Riemann surfacethe leg parameterized by v which corresponds to the phase II (see Fig. 16 ). In this phase we have thereforê
According to the discussion in the C 3 case, which carries over here as well, the correction terms we computed u = t ;t The corrected quantities are related transcendentally by the mirror mapt i =t i (t j ) to the complex structure variable z i = e ;ti . In fact, as discussed above,t and s are among the periods of the Riemann surface .
Alternatively, they can be obtained from the solutions
where In phase I we get the values for numbers of primitive disks N ks kt m given in Table 1 .
There is a symmetry which relates the numbers of Examples are given in Table 2 .
For the numbers of primitive disks for the brane III see Table 3 . Examples are given in Table 4 . Phase II : c 1 = 0 r t > c In terms of these coordinates, the brane in phase I propagates on the internal leg of the Riemann surface where v 0 and u large of order ;t=2, the brane in phase II is on u 0, and v t=2, and the brane on external leg has u v, both being large.
In the variables of (6.14) the classical superpotential vanishes in phase I and W(u) = R v(u)du computes the disk instanton generated superpotential.
To compute disk numbers we need the flat coordinate. According to the discussion in Sect. 5, this is given by the difference of superpotentials on the two sides of the domain wall as computed along the contour C on Figure 18 . The non-trivial contribution tô u is the exponentially suppressed shift which comes from the small period on Fig. 18 :
We find, using the same kind of methods discussed for the P
wheret is the closed string period on the contour 1 in Figure 18 . The closed string period can be computed either directly by integration on , or from the Picard-Fuchs equation with L = 3 + 3z (3 + 1)(3 + 2), where = z@ z and z = e ;t . The solutions to the PicardFuchs equation can be expressed, e. g., as Mejer Gfunctions [37] and
The inverse z(t) relation is z = q+6q where q = e ;t . After rewriting W(u t) in terms of the flat coordinatesû t , and expanding as in (2.11) we obtain the integer invariants of Table 5 . Table 6 . From (6.16) we obtain another description of phase I, which is at the classical level equivalent to the one already given, but differes in the quantum theory by where m denotes the is boundary class of the disk. The integer invariants for n = ;1 1 2, given in Table 7, clearly respect this.
Integrality of the Bulk Mirror Map
The integrality of mirror map in the bulk, even though it has been proven in some cases, has not been physically explained. Here we will connect this to the integrality of the number of domain walls N k m . In the case I n=;1 we can explicitly show that all coefficients of the form N k 1 are directly related to the coefficients of the bulk mirror map and using this relation the integrality of one follows from the other.
Define the numbers a i by e t;ˆt
One can show the integrality of a i using the integrality of the mirror map (6.15 We will consider the following 3 phases (out of a total of 8 possibilities) The mirror of O(K) ! F 1 is given by xz = 1 + e u + e ;v;u z f z b + e ;v z b + e v (6.19) 8 We have checked that all other phases also lead to integral expansions for disk amplitudes. The numbers of primitive disks in these two phases are listed in Tabel 8.
We consider now the phase III, for which we must change the parameterization of the curve by u ! u 0 = ;t b ; u, if we are to have the superpotential which is zero classically. In this phase, v is the transverse coordinate on the brane. The correction to the flat coordinate is again found by requiring integrality of the amplitude, and we find that
The disk numbers follow (Table 9 ). 
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There is an identity which is useful for this purpose:
trU n = n;1 X 
